In this study, we examine effective field theories of superconducting phases with topological order, making connection to proposed realizations of exotic topological phases (including those hosting Ising and Fibonacci anyons) in superconductor-quantum Hall heterostructures. Our effective field theories for the non-Abelian superconducting states are non-Abelian Chern-Simons theories in which the condensation of vortex-quasiparticle composites lead to the associated Abelian quantum Hall states. This Chern-Simons-Higgs condensation process is dual to the emergence of superconducting non-Abelian topological phases in coupled chain constructions. In such transitions, the chiral central charge of the system generally changes, so they fall outside the description of bosonic condensation transitions put forth by Bais and Slingerland 1 (though the two approaches agree when the described transitions coincide). Our condensation process may be generalized to Chern-Simons theories based on arbitrary Lie groups, always describing a transition from a Lie Algebra to its Cartan subalgebra. We include several instructive examples of such transitions.
I. INTRODUCTION
Some phases of two-dimensional electron systems support Fibonacci anyons, which are quasiparticles with the property that a collection of N Fibonacci anyons at fixed positions has a Hilbert space of degenerate states of dimension given by the N th Fibonacci number. When the two Fibonacci anyons are exchanged in a counter-clockwise manner, the wavefunction of the system changes by a phase e 4πi/5 if they fuse to form a topologically-trivial excitation (i.e. one that can be created by a local operator) or e −3πi/5 if they fuse to form a Fibonacci anyon. As a result, quantum information can be stored in a collection of Fibonacci anyons and braiding supplies a universal gate set for quantum computation.
The computational universality of braiding operations endows Fibonacci anyons with a significant advantage over Ising anyons -quasiparticles supporting Majorana zero modes. In the latter case, gates not provided by braiding (such as a π/8 phase gate) are needed for computational universality, and the purification of these noisy gates entails substantial computational overhead. However, Ising anyons have the advantage that they can be realized in free fermion models, which has led to the proliferation of candidate systems in which the existence of Majorana zero modes can be reduced to determining the topological properties of a free fermion band structure [2] [3] [4] . This is not the case for Fibonacci anyons. However, recent progress 5, 6 on "coupled chain" constructions has facilitated controlled calculations predicting the existence of Fibonacci anyons in superconductor-fractional quantum Hall hybrid systems. The tractability of one-dimensional conformal field theories is bootstrapped to analyze a two-dimensional topological phase.
In this paper, we give an intrinsically two-dimensional formulation of such systems. We construct a non-Abelian Chern-Simons-Higgs effective field theory for the transitions from a Fibonacci superconducting phase to an Abelian quantum Hall phase. This theory also encompasses transitions to other nearby phases. Our effective theory generalizes Abelian Chern-Simons-Higgs theories of the hierarchy of fractional quantum Hall states [7] [8] [9] (see also Ref. 10 for a non-Abelian generalization). The central charge generally changes in the transitions in our theory but, in those special cases in which it doesn't, our results agree with those of Slingerland and Bais. 1 Our starting point is a Chern-Simons theory for a superconductor in which the symmetries of the Nambu spinor become emergent gauge symmetries at low energies. As a consequence, the edge of the system has gapless excitations with spin and particle-hole symmetries. We find that the Fibonacci superconductor constructed in Ref. 6 is among these phases. We consider possible condensates that drive the system from this phase. The resulting phases are generally quantum Hall phases which can be Abelian or nonAbelian. In the latter case, the states can be understood as examples of the two-component non-Abelian quantum Hall states of Ref. 11 . Thus, this theory gives a dual description to the transition from an Abelian quantum Hall state to a Fibonacci superconductor 6 . We briefly discuss the generalization to other gauge groups, which includes, as a special case, a pure Fibonacci theory.
II. COUPLED CHAIN CONSTRUCTIONS AND THE BULK-EDGE CORRESPONDENCE
We begin by briefly reviewing the superconducting Fibonacci phase that is a principal motivation for this paper. This is a superconducting phase that coexists with topological order. The topological order has a single non-trivial quasiparticle type, a Fibonacci anyon. Although the ultimate longwavelength physics is quite simple, it is built on a more complicated intermediate scale scaffolding that is revealed in the richness of nearby phases. Indeed the only known microscopic route to this phase involves both superconducting and Abelian fractional quantum Hall physics, as we now briefly review. Our ultimate construction will be, at least conceptually, dual to this.
Following the pioneering work of Teo and Kane 5 , it has been established that one may analyze 2D topological phases from the perspective of coupled critical 1D chains 6, [12] [13] [14] . These coupled chain constructions proceed by considering a series of wires each tuned to the critical point of a 1+1-D conformal field theory (CFT). Interactions between the wires serve to couple the left movers of one chain to the right movers of the next, leading to a gapped bulk surrounded by a gapless edge which is a chiral version of the same CFT. Crucially, the inter-wire couplings can only transfer quasiparticles of a given type between wires if those quasiparticles can exist in the medium in which the wires are embedded.
For instance, in the coupled wire construction of the superconducting Fibonacci (SFib) phase described in Ref. 6 , the CFT is the Z 3 -parafermion CFT with central charge c = 4/5, and the couplings hop Z 3 parafermions (which are Abelian anyons) from one chain to the next. Such couplings would not be allowed if the medium between the wires were vacuum, since the vacuum does not support Z 3 parafermionic excitations. For this reason, the proposal of Ref. 6 could not be carried out using local Potts spins, despite the fact that the critical point of the Z 3 Potts model is described by the appropriate CFT. Rather, the wires must be constructed within a parent Abelian phase such as the ν = 2/3 FQH state that supports the Z 3 part of the theory.
Thus, the superconducting Fibonacci phase can be viewed as a descendant of a parent ν = 2/3 FQH state and, as a result, there are actually two edges between it and the trivial vacuum. The inner edge is given by the CFT of the wire construction, and the outer edge is given by the parent theory. In the case of the superconducting Fibonacci phase, the inner edge is given by the c = 4/5 Z 3 -parafermion chiral CFT while the outer edge is given by the corresponding chiral CFT of the parent ν = 2/3 FQH state. The simplest theory allowing the necessary interwire interactions is a bosonic (2, 2, 1) fractional quantum Hall state with central charge c = 2. The full compound edge between the SFib phase and the vacuum is (up to edge reconstruction) a pure Fibonacci CFT (Fib) at central charge 14/5. Such a theory may be described in the bulk by a G 2 level 1 Chern-Simons theory, which we shall discuss in greater detail in Sec. VI B.
For now, we focus our interest on electronic, rather than bosonic, parent theories. The simplest fermionic theory that can be a parent state of the SFib phase is the (1, 1, 2) FQH state at ν = 2/3. This state contains an unpolarized electronic excitation in addition to the Z 3 Abelian excitations necessary to host the coupled wire construction of the SFib states. On the edge, the theory may be factored into the product of an Abelian Z 3 theory and a theory containing only an electron (see Appendix A). The combined theory must have chiral central charge c − c = 0; since the Abelian Z 3 has c = 2, the "electron-only" theory must have c = 2. Hence, we conclude that the combined theory is
| R , where the restriction indicates that only excitations local with respect to the electron are allowed (more on this in Sec. III). When combined with the Z 3 -parafermion chiral CFT at the edge of the SFib state, this theory for the parent medium leads to the theory Fib × Z 2 × Z 2 | R , or equivalently SU (2) 3 × SU (2) 1 | R for the SFib to vacuum edge.
There is one additional subtlety, however, which is that the SFib phase is superconducting. Hence, Bogoliubov-de Gennes (BdG) quasiparticles, rather than electrons, are the quasiparticles of a superconductor with (possibly mobile) vortices. Thus, the "electron" of the previous paragraph should actually be interpreted as a BdG quasiparticle. Our previous statements are unchanged but must be supplemented by the fact that a −1 results when a BdG quasiparticle encircles an hc/2e vortex.
III. CS THEORY OF TOPOLOGICAL SUPERCONDUCTORS WITH
Combining the preceding elements, we postulate a bulk low-energy effective field theory for the electronic SFib state that takes the form of an SU (2) 3 × SU (2) 1 | R Chern-Simons gauge theory:
In this expression,
Here, a µ and b µ are SU(2) gauge fields. Each is a triplet of gauge fields, corresponding to the three generators of SU(2); we will denote this triplet with an arrow: a µ , b µ . 'Tr' denotes the trace in the fundamental representation of SU(2), which is taken by forming the 2×2 matrices a µ = 
The coefficient 2/2π denotes the fact that a single flux quantum of c µ is a Cooper pair or, equivalently, that the minimal vortex in a superconductor has magnetic flux hc/2e = π. The coefficient of the Maxwell term is the superfluid density ρ s . This term is subleading compared to the other terms in the action and will generally be dropped in the following discussion. Quasiparticles carrying the spin-j representation of SU(2) are minimally coupled to the gauge fields in the combination a µ · T j , where T j are the generators of the spin-j representation of the Lie algebra of SU (2):
I is the identity matrix. The matter fields Φ . The vorticity l can be an arbitrary integer. The allowed values of m, n are determined as follows. In the unrestricted theory, braiding a particle with quantum numbers (j 1 , j 2 , l) around a (3/2, 1/2, 0) quasiparticle will result in a phase 2π(j 1 − j 2 ). Hence, (3/2, 1/2, 0) quasiparticles are fermions that have Abelian braiding with all other quasiparticles. We identify this as the BdG quasiparticle. Because the BdG quasiparticle is adiabatically connected to the three-dimensional electron, we require that all allowed excitations without a vortex have mutual statistics 1 with this excitation. Likewise, all excitations with an odd number of vortices will have mutual statistics -1 with the BdG quasiparticle. As a consequence, all other allowed quasiparticles with quantum numbers (j 1 , j 2 , l) must have mutual statistics (−1) l with BdG (3/2, 1/2, 0) quasiparticles. Therefore, 2j 1 + 2j 2 + l must be even for allowed excitations. For example, flux hc/2e vortices must have quantum numbers (0, 1/2, 1), (3/2, 0, 1), or (1, 1/2, 1) while topological excitations without flux must have quantum numbers (3/2, 1/2, 0), (1/2, 1/2, 0) or (1, 0, 0). This last quasiparticle type carries spin-1 for a µ gauge transformations and spin-0 for b µ gauge transformations; hence they are coupled to the former via T 1 and are uncoupled from the latter.
In the remainder of the paper, we shall take a perspective dual to the one in Sec. II, taking the (proposed) ChernSimons theory (1) as our starting point and showing that the Chern-Simons theory of the parent medium may be recovered via a symmetry-breaking transition in which one of the quasiparticles of the theory condenses. This condensate destroys the superconducting order parameter if l = 0 and (with some exceptions) leads to an Abelian state. In particular, the symmetry-breaking transition that we find between the SU (2) 3 × SU (2) 1 | R CS theory and the ν = 2/3 FQH state lends credence to the idea of a superconducting Fibonacci state built by proximity induced superconductivity in the ν = 2/3 state. 6, 13 Before considering condensation transitions from the effective theory (1), we note that it generalizes to a family of superconducting states in which the Bogoliubov-de Gennes quasiparticles fractionalize so that an SU (2) × SU (2) local gauge symmetry emerges. These theories have a fermionic particle that braids trivially with all of the other particles; we identify it with the electron. At the edge, these theories have an SU (2) Kac-Moody elgebra associated with spin symmetry and an SU (2) Kac-Moody algebra that is associated with particlehole symmetry -the latter is analogous to a Landau-Ginzburg theory for paired quantum Hall states 15 and is also manifested in a coupled wire construction of those states 5 . The levels 3 and −1 of the SU(2) Chern-Simons fields in Eq. (1) can be generalized to p + q and p − q. So long as p is odd, we are guaranteed to have a spin-1/2 fermion in the theory. If we denote an excitation of the theory carrying the m/2 representation of SU (2) p+q and the n/2 representation of SU (2) 
as the BdG quasiparticle. (We label representations of counterpropagating SU (2) components with negative indices for notational convenience.) Locality with respect to the BdG quasiparticle leads to the restriction that m + n must be an even number. Of course, we can attach flux lhc/2e to such an excitation, thereby leading to a phase of (−1) l upon encircling a BdG quasiparticle and the somewhat loosened restriction:
We call the theory itself SU (2) p+q × SU (2) p−q | R to indicate the restriction. 30 This more general theory takes the form:
where we now have (9) and L SC is unchanged from Eq. (3). The potential V ({Φ 
As a connection to more familiar systems, we note that the usual p + ip superconductor may be thought of as lying in this class of topological superconducting states, with p = q = 1 in that case yielding SU (2) 2 anyons for which the twist field may only appear in the presence of a magnetic flux, i.e., in the core of a superconducting vortex. 16 In the following sections, we will consider transitions from this topological superconducting state to other topological states, both Abelian and non-Abelian.
IV. PEDAGOGICAL EXAMPLE: TRANSITION FROM DOUBLED ISING TO TORIC CODE
In this section, we work out in full detail a simple pedagogical example that illustrates the basic features of the general class of transitions discussed in later sections. We consider the doubled Ising(-like) theory that is the p = 0, q = 2 instance of the effective theories of the previous section. The coupling to the external gauge field is inessential to this discussion, so we will set ρ s = 0 and ignore the external gauge field and the vorticity of the matter fields.
This theory has 9 matter fields Φ ( m 2 , n 2 ) with m, n = 0, 1, 2. We focus on the condensation of Φ (1, 1) , which is the only condensate that can lead to a non-trivial phase. When Φ (1,1) = Φ = 0, L qp in Eq. (5) takes the following form at low energy:
The prime indicates that m = n = 1 is not included in the summation. Here, we have taken the gauge a 0 = b 0 = 0, so we must also enforce the corresponding Chern-Simons constraint equations:
We assume that Φ = φ(0, 1, 0) ⊗ (0, 1, 0) in a basis for the spin-1 representation of SU(2) spanned by eigenvectors of T z with eigenvalues 1, 0, −1, so that T z = diag(1, 0, −1), where, as usual, the SU(2) generators T z , T ± satisfy the commuta-
and similarly for b j . The first term in Eq. (11) can now be written in the form:
Thus, it is a mass term for the ± SU(2) components of the gauge fields. The z components are left massless, and the remaining unbroken gauge symmetry is
The extra discrete Z 2 gauge symmetry is the invariance of the condensate under a π rotation about the x-axis in SU(2), which takes a z j → −a z j . Any matter field that is a source (via the constraint (12)) for a massive gauge field must be confined since the energy cost to separate two such quasiparticles is linear in the separation. These are the matter fields that braid non-trivially with the condensate: only a ± and b ± couple to the condensate, as in Eq. (13), so matter fields whose density is locked to the flux of these gauge fields by the Chern-Simons constraints braid non-trivially with the condensate. The only fields that are left deconfined are Φ (0,0) , Φ (1, 0) , and Φ 2) . When the symmetry is broken down to U(1), the triplet splits into three different fields, with a j charges q a = 0, ±1. The charge-0 field decouples from the gauge fields and is topologically trivial. The field Φ
2 ) is a doublet under both SU(2) gauge symmetries. When they break down to U (1) × U (1), the (doublet) 2 splits into 4 fields, with charges q a , q b = ±1/2 for. respectively, a j and b j .
By gapping some of the gauge fields, we alter the braiding statistics of the remaining matter fields. The effective action takes the form:
The charges take values (q a , q b ) = (±1, 0), (±1/2, ±1/2), (±1/2, ∓1/2). We have dropped the z superscripts from the gauge fields:
Note that an extra factor of 1/2 has appeared in front of the Chern-Simons terms due to the normalization of the Trace defined after Eq. (2). It is more natural to normalize U(1) Chern-Simons gauge fields so that charges take integral values, rather than the half-integral values that T z eigenvalues take. Thus, we define a 1,2 ≡ a ± b, in terms of which the action takes the form:
The charges take values (q 1 , q 2 ) = (1, 0), (0, 1), (1, 1) . This is the effective theory for the Toric Code or deconfined phase of Z 2 gauge theory, as expected from the analysis of Bais and Slingerland 1 . However, this appears to be simply a U (1)×U (1) gauge theory. What happened to the ⋊Z 2 portion of the theory? The Z 2 action of the theory would interchange a 1 and a 2 . In principle, gauging this action would lead back to and Ising × Ising theory. 17 In this case, however, the generator of the Z 2 part of the theory must create a twist in the a field without creating one in the b field (or vice versa). It is therefore a confined excitation, coming from the field Φ (14) may thus be taken at face value, and the resulting phase is topologically equivalent to the Toric Code. In the next section, we generalize the preceding discussion.
We consider the condensation of a field Φ
, which carries the m/2 representation of SU (2) p+q and the n/2 representation of SU (2) p−q , along with l units of attached magnetic flux. Different choices of (m, n, l) cause transitions to different states. While some choices will lead to trivial insulating states, other choices will lead to interesting states with a different type of topological order and/or superconductivity. These different possibilities can be analyzed as follows.
We may make the gauge choice a 0 = 0, b 0 = 0 so long as we also include the restrictions coming from the a 0 and b 0 equations of motion. Because a 0 and b 0 only appear linearly in the Lagrangian, they act as Lagrange multipliers for the attachment of non-Abelian gauge flux to the quasiparticle Φ
Likewise, we can make the gauge choice c 0 = 0 accompanied by the restriction
Note that it is this last condition that guarantees that Φ
carries l flux quanta of the external magnetic field A µ . Importantly, if there are no quasiparticles present in the system, there is also no magnetic flux. This is the Meissner effect.
After we make these gauge choices, we are ready to consider the effect of quasiparticle condensation: we assume that the potential V ({Φ
(and no other quasiparticle field) acquires a constant expectation value, which we will denote by Φ (we have suppressed the SU(2) indices of Φ), so that the total Lagrangian becomes
The first term gives a gap to a combination of the gauge fields, by the Anderson-Higgs mechanism. The topological order of the resulting phase is determined by the remaining gauge symmetries that leave Φ invariant and their Chern-Simons terms.
In the sections that follow, we carry out this analysis for different m, n, l.
A. Transitions to Abelian quantum Hall States
We first assume that l = 0, m = 0, and n = 0. The first condition guarantees that superconductivity is destroyed. The survival of a subset of the gauge symmetries of the system (together with their Chern-Simons terms) leads to the quantum Hall effect. In this subsection, we will focus on the cases in which the resulting quantum Hall state is Abelian.
To lighten the notation, we defineΦOΦ ≡ |Φ| 2 O for general operator O. Since l = 0, we may integrate out the gapped field c i +
The effective mass matrix
However, we may deduce some properties without referring to a specific representation. Taking the expectation value of M m in the direction of a unit vectorv, we find
where |u is the normalized internal state vector 31 of Φ . Further, we let T z m 2 |u = r a |u and S z n 2 |u = r b |u where |r a | ≤ |m|/2, |r b | ≤ |n|/2 and r a and r b are integers or half-integers depending on the representation. We assume that both r a and r b are non-zero for the remainder of this subsection (and consider the case of vanishing r a , r b in the next section). Then, after integrating out the gapped degrees of freedom we have
along with the constraints
and
We can now eliminate the order parameter by combining the constraints and incorporate these restrictions into the Lagrangian through the use of new Lagrange multiplier fields a 0 and b 0 , defining
We find the following effective action for the condensed phase:
)/2, we acquire the more familiar form
where
and t = 2/l (r a + r b , r a − r b ) is an integer vector (for l = 1 or l = 2) due to the locality restriction on Φ
. The filling fraction of the resulting state is (for l = 0):
B. Examples
SU (2)3 ⊗ SU (2)−1|R: Fermionic Fibonacci Superconductor
We now return our attention to the Fibonacci Superconductor described by the gauge group SU (2) 3 ⊗ SU (2) −1 | R and Lagrangian (1) . Condensing the field Φ 
and t = (1, 1) so ν = 2/3. To construct the fields of the resulting theory, we look to the families of simple currents of the original theory:
2z+1 , and Φ . Of these, the second and last do not commute with the condensate. The first and the third do, however, producing charges (−z, −z) and ( . Together these give the complete set of spins (equivalent mod1 to − z 2 6 for z ∈ Z) for the (112) theory with K matrix given above. This completes the inversion of the construction given in Ref. 6 . We have shown a condensation transition from the fermionic Fibonacci state constructed in that work directly back to the parent ν = 2/3 FQH state from which it was constructed.
SU (2)4 ⊗ SU (2)2|R
The fields of the new theory do not always descend solely from the simple currents of the old. Specifically, if the condensate carries a simple current representation of one of the SU (2)s, then other fields will remain deconfined in the resulting theory. For instance, if we consider the condensation of the field Φ (2, 
l > 1
It should be noted that in cases with l > 1 not all of the fields of the new theory descend directly from the deconfined fields of the old. Rather, some of the new fields appear as vortices in the condensate. Due to the condensation of multiple fluxes, these vortices will carry fractional charge. This is entirely in line with, e.g. the composite fermion construction of the fractional quantum Hall states 9 and we shall not focus further attention on it here.
C. Transitions to metaplectic quantum Hall states
We now consider the condensate of the previous subsection, but with either r a = 0 or r b = 0. Then the effective Lagrangian described by Eq. (25) has an additional symmetry. For example, if r a = 0 then the Lagrangian is invariant under
with
Because R a ∈ SU (2) × SU (2), this is actually a remaining discrete gauge symmetry of the Lagrangian, enhancing the symmetry in the special case r a = 0 from U (1) ⊗ U (1) to U (1) ⊗ U (1) ⋊ Z 2 . Likewise, when r b = 0, the symmetry is again enhanced to U (1) ⊗ U (1) ⋊ Z 2 , this time by R b , with
One interesting example of such a state is given when
In this case the Lagrangian and symmetry group considered here map exactly to one of those shown by Barkeshli and Wen 18 to support Z 4 parafermion-type excitations.
These are examples of metaplectic states. This family of topological phases, indexed by prime number P > 2 has particle types 1, Z; X, X ′ ; and Y 1 , . . . , Y s , where P = 2s + 1. The special case P = 3 is equivalent to SU (2) 4 , and the X, Y 1 , X ′ , Z particles correspond to spins
2 , 2. The topological properties of the metaplectic TQFT are as follows [19] [20] [21] . The topological spins θ a = e 2πha of these particles are given by
2P . Their fusion rules are:
For the P = 3 case, there is a single Y i , which we will simply call Y ≡ Y 1 , and the last of these fusion rules is modified to Y · Y = I + Y + Z or, in the notation of SU (2) 4 , 1 × 1 = 0 + 1 + 2. Barkeshli and Wen 18 showed that Z 2 vortices in the U (1) ⊗ U (1) ⋊ Z 2 theory correspond to X particles while Y particles carry U (1) flux that is anti-symmetric in the two U (1) factors. This anyon model is closely related to models of parafermionic zero modes at defects in gapped fractional quantum Hall states [22] [23] [24] . It has recently been shown that the P = 3 case of metaplectic anyons is universal for quantum computation when braiding is supplemented by measurement 25, 26 ; this is likely to be true for P > 3 as well.
D. Transitions to Superconducting States
If l = 0, then no flux is attached to the condensed quasiparticle. In this case, the resulting state is superconducting, as can be seen from the fact that the constraint (17) is a statement of the Meissner effect for the electromagnetic field. The decoupling of the U (1) gauge field c µ from the SU (2) fields results in an alteration of the mass matrix for those fields. Now the mass term becomes
We know that since r a = r b = 0, both m and n for our condensing quasiparticle must be even.
35 Therefore, the sim-
, and Φ will remain unconfined. If p + q is odd, then former two act as the twist fields in a metaplectic anyon theory while the latter is a composite of the two types of metaplectic anyons. Note that only this latter one is available in the absence of flux, while the first two are necessarily bound to superconducting vortices. On the other hand, if p + q is even, the only case in which any of the potential twist fields are left deconfined is when we are condensing the simple current Φ . In this case, fields
act as the deconfined composite twist, while individual twists are confined. If we condense any other field than Φ
in a theory with p + q even, we are left with a superconducting U (1) × U (1) state with no metaplectic anyons.
In our analysis thus far, we have assumed that the condensing quasiparticle carries a non-trivial representation of both SU (2) gauge groups. However, if one of the representations is trivial, the resulting symmetry will be U (1) ⊗ SU (2) (or U (1) ⊗ SU (2) ⋊ Z 2 in the metaplectic case). Suppose, for instance, that the field Φ ( m 2 ,0) l condenses. Then, the remaining theory is a U (1) ⊗ SU (2) p−q theory (possibly semidirect product with Z 2 , depending on the condensate). However, if p − q = 1, then the SU(2) sector of the theory is actually Abelian, and the total theory can still be expressed in terms of a K-matrix, which would be the same as in Eq. (26).
VI. GENERAL GROUP

A. Basic Formalism
The condensation process described in Sec. V may be generalized to Chern-Simons theories based on arbitrary Lie groups. The full (non-relativistic) Lagrangian for such a system is assumed to be
where g are the generators of the Lie algebra G and ρ m is a representation of the Lie algebra. The first term in the third line of Eq. (44) assumes that we have a superconducting condensate of charge 2 bosons. In a system in which the basic microscopic constitutents are bosons, we must keep this in mind when, for instance, computing boson conductivities. The general Chern-Simons Lagrangian is given by
Here, a µ ≡ a µ ·ρ fund ( g) so that the trace is taken in the adjoint representation.
It is simplest to work in the gauge where a 0 = 0. The associated Chern-Simons constraint attaches non-Abelian gauge flux to the quasiparticle Φ m l as 
So long as this constaint is enforced, we may set c 0 = 0. Following the process in Sec. V, we assume that a single quasiparticle type Φ = Φ m l acquires a constant non-zero expectation value. Ignoring gapped fluctuations in Φ, we acquire the symmetry-breaking Lagrangian
Once again, we assume that l = 0, m = 0. 36 The U (1) field c i + 1 l a i · ρ( g) is clearly gapped. Integrating out this field leads to an effective mass matrix
for the remaining gauge fluctuations. This mass matrix is dependent upon the representation of G carried by Φ m l . Again, however, we may use the Cauchy-Schwartz argument of Eq. (20) to show that the effective mass matrix is positive semi-definite, gapping out parts of the gauge field. There is a remaining gauge symmetry if and only ifv ·ρ( g)|u ∝ |u , where |u is the normalized internal state vector 37 of Φ m l . That is, there is a remaining gauge symmetry if and only if |u is an eigenstate ofv ·ρ( g) for some vectorv, in which case the gauge field alongv remains gapless. The number of independent vectorsv satisfying this criterion is limited to be (at most) the dimension of the Cartan subalgebra H ⊂ G.
Assuming once more that a gauge symmetry remains, we can setv sov · g ∈ H. Letv i be a basis for the Cartan subalgebra. Thenv i · g|u = r i |u where r i is a weight of representation m of Lie algebra G. Then, after integrating out the gapped degrees of freedom we have
(50) where K and a H are the restrictions of, respectively, the Killing form and a to the Cartan subalgebra and I ad is the Dynkin index of the adjoint representation. This Lagrangian must be supplemented by the Chern-Simons constraint:
that arises from eliminating gapped degrees of freedom in Eqs. (46) and (47). Incorporating this constraint into the Lagrangian through the use of a new Lagrange multiplier field a 0 and redefining a i = a H i gives the condensed, gauge invariant Lagrange density
(52) The filling fraction of the resulting state is (for l = 0)
Note that the factor of 4 on the right-hand-side is due to the assumption that the superconducting condensate has charge-2. However, the resulting set of free quasiparticles may be distinct from that initially implied by the matrix K. We have thus far ignored the spatial variation of the internal state vector |u . In most cases, it is safe to do so because any such variation may be gauged away using a transformation in the original gauge group G. However, if there is a quasiparticle present that has non-trivial statistics with the condensing field Φ As an example, we consider the case of a superconductor with anyons governed by G 2 at level 1. The group G 2 is 14-dimensional, with a 2-dimensional Cartan subalgebra. This is a Fibonacci superconductor built on a bosonic quantum Hall state. There are no fermions in the superconducting state; the only non-trivial particle is a Fibonacci anyon, which carries the 7-dimensional fundamental representation of G 2 . There are 14 gauge fields in the effective action (44). When a composite of a Fibonacci anyon and flux l = 1 condenses, there are two remaining gapless gauge fields. The 2 × 2 K-matrix for these gapless gauge fields are obtained from the Killing form, according to Eq. (50). The Cartan matrix of G 2 is:
After a rescaling of the bottom row by 3, to remove the norms of the roots that enters the expression for the Cartan matrix, we obtain
which is equal, after an SL(2, Z) basis change, to K-matrix:
Under this basis change, the weight vector r = (1, −1) is transformed to the standard charge vector for the (2, 2, 1) state.
39
In other words, we obtain the inverse of the construction in Ref. 6 .
VII. DISCUSSION
Recent progress has opened a promising route to non-Abelian topological phases: the liberation of defects in Abelian topological phases. The coupled-chain construction 5, 6 ,12-14 is a concrete model for this scenario which has the virtue of solubility that is inherited from onedimensional theories. A Fibonacci supercoducting state can be constructed in this manner 6 . In this paper, we construct a manifestly two-dimensional Chern-Simons theory of this state. As have seen in the preceeding sections, it is one member in a family of interesting topological phases with corresponding SU (2) p+q ⊗ SU (2) p−q | R Chern-Simons theories. Through Chern-Simons-Higgs transitions, various superconducting and fractional quantum Hall states, both Abelian and non-Abelian, are accessible through direct phase transitions. The transitions are controlled by the type of quasiparticle that condenses which, in our effective field theory, corresponds to the gauge group representation carried by the condensing field. We note that this description is dependent on the particular Chern-Simons representation that we use. An example of this is given by SU (2) 4 , in which condensation of the particle carrying the j = 2 representation of SU (2) leads to an Abelian theory with remaining gauge group U (1) (coming from the Cartan subalgebra of SU (2)) and central charge c = 1. This is distinctly different from the BaisSlingerland condensation scheme 1 on the same topological phase, which results in a c = 2 theory. We can recover the Bais-Slingerland result by representing the same anyon model by U (1) × U (1) ⋉ Z 2 18 . The Z 2 boson in the metaplectic theory is related to the j = 2 quasiparticle in the SU (2) 4 CS theory by the attachment of a non-Abelian gauge flux, in much the way that an electron is related to a 'composite boson' in Landau-Ginzburg theories of the (Abelian) fractional quantum Hall effect 27, 28 . In the case of the Fibonacci superconductor, when a nonAbelian quasiparticle carrying non-zero magnetic flux condenses, the system enters the ν = 2/3 Abelian fractional quantum Hall state. Hence, this is the inverse of the transition from embodied by the coupled-chain construction. This identification suggests that our entire family of SU (2) p+q ⊗ SU (2) p−q | R non-Abelian topological phases is accessible by coupled chain constructions from Abelian (p, p, q) fractional quantum Hall states. The connection between our effective theories and coupled chain constructions could be cemented by finding a direct correspondence between the condensing field Φ and the 1D primary fields through which chains are coupled. It would also be enlightening to construct the 2D effective theory dual to ours, in which the particles in a (p, p, q) Abelian topological phase fractionalize, leading to the SU (2) p+q ⊗ SU (2) p−q | R non-Abelian topological phase. Such a theory could follow naturally from a parton construction, which would also suggest trial wavefunctions for our non-Abelian phases. At any rate, our work gives further impetus to the search for semiconductor/superconductor hybrid systems in which fractional quantum Hall states can be brought into contact with superconductivity.
Ising-like theories
